Introduction
In the 1970's, after many works by many authors to endow compact manifolds with foliations of codimension one, W. Thurston established a fundamental existence theorem that fulfills a double prescription: the homotopy class of the tangent bundle of the foliation, and the homotopy class of the foliation regarded as a Γ 1 -structure, in Haefliger's sense (see below) [2] [11] . Certainly, the second one is demanding, since on every manifold of dimension at least three, there is an unnumerable infinity of homotopy classes of Γ 1 -structures [9] .
Thurston's proofs -he gives two -have three steps: making a foliation with "holes", that is, parts of the manifold left unfoliated; filling the holes, i.e. extending the foliation into them; and adjusting the homotopy class as a Γ 1 -structure.
Step 3 makes use of Mather's homology equivalence between the classifying spaces BDiff c (R) and ΩBΓ 1+ [7] . Moreover, in dimension 3, step 2 calls for the simplicity of Diff + (S 1 ) [3] [4] [6] . The present paper firstly aims to reprove Thurston's theorem by the only elementary means of differential topology. It doesn't call for any nontrivial result concerning diffeomorphisms groups, nor the homotopy type of classifying spaces.
1
The proof is self-contained, constructive, and somewhat direct.
Secondly, a simpler proof naturally allows some improvements in the result. A control is given on the transverse dynamics of the produced foliation: in dimensions ≥ 4 it can be made minimal, that is, all leaves dense. Also, a parametric version is given. Finally, the proof is the same in dimensions 3 and higher, and in all dimensions it works in all differentiability classes. Recall that in contrast, the simplicity of Diff + (S 1 ) is an open question in class C 2 , and wrong in class C One works in an arbitrary C r differentiability class, 0 ≤ r ≤ ∞ . A continuous tangent bundle is assumed for every foliation.
The object under consideration is a Haefliger structure of codimension onemore briefly a Γ 1 -structure -and may be thought as a "foliation with singularities". It can be defined on a manifold M as a rank-one vector bundle νξ over M , the "microbundle", whose total space is endowed with a germ ξ , along the null section Z(M ) , of codimension-one foliation transverse to every fibre. The singular points are those where ξ is not transverse to Z . If ξ is regular, then it induces a vector bundle embedding j of νξ into τ M ; and the pullback Z * ξ is a foliation on M whose normal bundle is j(νξ). One makes no difference between "foliation" and "regular Γ 1 -structure". A homotopy between two Γ 1 -structures ξ 0 , ξ 1 on the same manifold M , is a Γ 1 -structure on the manifold M × [0, 1] whose restriction to M × i is ξ i , for i = 0, 1 .
By a homotopy between two rank-one subbundles of τ M one means a homotopy as sections of the projectivization of τ M . theorem 1.1. Let ξ be a Γ 1 -structure on a closed, connected, smooth manifold M of dimension n , whose microbundle νξ admits an embedding j into τ M . Then :
(1) (Thurston [11] )( [5] ) There is a foliation on M homotopic to ξ and whose normal bundle is homotopic to j(νξ) ; (2) If moreover n ≥ 4 , then there is a minimal foliation on M homotopic to ξ and whose normal bundle is homotopic to j(νξ) . corollary
Every closed, connected, smooth manifold of dimension at least 4 and whose Euler characteristic is null, admits a smooth, minimal foliation of codimension one.
For example, S 5 and S 2 × S 3 do. So, in higher dimensions and in the general frame of smooth foliations of codimension 1, there is nothing like Novikov's closed leaf theorem.
The above corollary answers a question which is often considered open. Actually it appears that this answer was already given in [11] . Although it is not pointed there, the foliation that is manufactured in paragraphs 2 through 6 of [11] is by construction without compact leaf, and a very little more care makes it minimal. I think that this corollary is a "new theorem in Thurston '76" . On the contrary, the existence of a minimal foliation in every homotopy class of Γ 1 -structures is new.
Another improvement which the direct character of our proof gives at hand is a parametric version. To fix ideas, one restricts to the smooth class. Given a manifold M and a rank-one vector bundle ν , the space Γ 1 (M, ν) of Γ 1 -structures on M whose microbundle is ν , is endowed with the C ∞ topology on germs of hyperplane fields. Write Γ 1 (M, ν) ⊤ ∩ j for the open subset of Γ 1 -structures which are transverse to the line field j(ν) -and thus in particular, regular. theorem 1.3. Let M be a closed, connected, smooth manifold, ν a rank-one vector bundle over M which admits an embedding j into τ M , and let X ⊂ Γ 1 (M, ν) be a compact subset.
Then there exist an embedding j ′ of ν into τ M , homotopic to j , and a continuous map :
such that for each ξ ∈ X , one has h(ξ)|(M × 0) = ξ , and :
, then the foliations can be chosen minimal.
For example, on any closed manifold with null Euler characteristic, any compact family of transversely orientable Γ 1 -structures can be continuously homotoped to foliations transverse to a same nonsingular vector field, whose homotopy class can moreover be prescribed. corollary 1.4. For every degree k ≥ 0 , the map :
is onto. If n ≥ 4 , the map :
is onto.
I know no relative version of this corollary. The question whether
Our proof of theorem 1.1 is a direct regularization process in this sense that from the beginning one works on the given Γ 1 -structure ξ .
We essentially borrow to paragraphs 2 through 6 of [11] the means by which one manufactures foliations, but not the means by which is fixed the homotopy type of the resulting foliation as a Γ 1 -structure, nor the homotopy type of its tangent bundle.
Unlike Thurston, in order not to change the homotopy class of ξ , and also to fix the homotopy type of the bundle tangent to the future foliation, at various steps of the process one performs the main transformations twice, with respect to some reflection symmetry. This elementary trick spares, at the end of the construction, any need to rectify the homotopy class of the foliation as a Γ 1 -structure.
Here are the steps of our proof, and a comparison with Thurston's. 1. Once ξ has been, through homotopy, made Morse-singular, one applies the method of [11] to manufacture transversals (and even make all leaves dense, which does not need much more work), leaving some unfoliated holes.
Then, one extends the foliation into the interiors of the holes, repeating the beautiful geometric construction of [11] . Here the existence of transversals is essential to enlarge the holes by "worms galleries" that relax the constraint expressed by Reeb's stability theorem.
A first application of the reflection symmetry trick to this first step forces the homotopy type of ξ to remain unchanged.
In dimension 3, the filling process introduces some Reeb components in the holes, but in higher dimensions it does not, and ξ remains minimal.
2. Unlike Thurston, to fix the homotopy type of the tangent bundle of the future foliation, one cancels cubic points of the negative contact locus (or "polar curve") between j(νξ) and the gradient of ξ . This locus becomes a collection of transverse segments which match the singularities of ξ into pairs of successive indices.
3. Every pair is changed into a pair of Bott ("round") singularities, following Asimov's method [1] .
Much like [11] , each round singularity is eliminated by turbulization -of a kind that does not create compact leaves -again at the price of an unfoliated hole.
Finally one also fills up these holes, just like Thurston. A second application of the reflection symmetry trick to step 3 forces the homotopy type of ξ to remain unchanged, and the bundle normal to the resultant foliation to be homotopic to j(νξ) .
We give all arguments, even when they are Thurston's, for the sake of completeness, and also because the existence theorem for foliations of codimension one has been often considered a difficult one, for so many years [12] . Moreover the unoriginal arguments are brief, except the hole-filling ones, which are given in an appendix. The exposition in this appendix is intended particularly to make clear two facts: that no difficult result about diffeomorphisms groups is needed to prove theorem 1.1; and that in higher dimensions, no compact leaf appears inside the holes.
In the present proof of theorem 1.1, (1), the case of dimension 3 does not need any special treatment. In fact in this dimension another proof allows the authors to make the structure of the produced foliation much more precise [5] .
To fix ideas, M is assumed closed. The generalization to transverse boundaries is immediate. Our proof generalizes to tangential boundaries whose first homology group is nonnull, just like in [11] -this is left as an exercise.
Our proof goes not only in every class C r , r ≤ ∞ , but more generally for G-structures, where G ⊂ Γ 1
0 is any open groupoid of germs of homeomorphisms of the real line that verifies the following : Every nonempty open interval contains the supports of two homeomorphisms whose commutator is nontrivial, and whose germs at each point belong to G .
For several years, François Laudenbach pointed out to me his interrogations about the actual status of Mather-Thurston's theorem, and/or of the simplicity of diffeomorphism groups, as a tool in the construction of foliations. His listening and observations were of great help all along this work. I thank him warmly.
Preliminaries
2.1. Notations. One denotes by x 1 , . . . , x p the real coordinates in the unit disk D p ⊂ R p ; by z the complex coordinate in the unit disk D 2 ⊂ C ; by θ the real coordinate modulo 1 in the circle S 1 = R/Z ; but one denotes by y the coordinate in a segment, or in a circle, transverse to the Γ 1 -structure under consideration.
2.2. Round singularities. The local models for them are the functions defined for θ ∈ S 1 , x s ∈ R n−i−1 and x u ∈ R i by :
By a round (or Bott ) singularity of index i , of a Γ 1 -structure ξ , one means a singular circle in a neighborhood of which ξ is conjugate to df round i . These objects will be used as intermediates for the cancellation of singularities.
Indeed, on the one hand, a pair of Morse singularities of successive indices i , i+1 can eventually be changed into a single round singularity of index i , as follows. The modification being local, one can assume that the Γ 1 -structure is df for a Morse function f defined on an open orientable n-manifold, and with two singularities s i , s i+1 of respective indices i , i + 1 . Assume that for some pseudogradient field, and for some intermediate value t between f (s i ) and f (s i+1 ), every gradient line going down from s i+1 (resp. up from s i ) meets the level set f −1 (t) . Thus one has a stable disk and an unstable one :
whose boundaries are two spheres embedded in f −1 (t) . Assume moreover that these boundaries meet each other transversely in exactly two points with opposite signs: Asimov position. On the other hand, the advantage of a round singularity s round of index i is that it can be eventually turbulized, as follows.
In a neighborhood of s round identified with S 1 × D n−1 , the Γ 1 -structure ξ = df round i may also be viewed as the pullback F * dy , where F is the mapping into the annulus S 1 × D 1 defined as :
and where y denotes the coordinate in
1 the annulus endowed with the foliation S φ suspension of φ .
Turbulizing is changing F * (dy) into F * (S φ ) . Since φ(0) = 0 , the circle S 1 × 0 is transverse to S φ . Also, F is a submersion, except on s round . Ergo, F is transverse to S φ , and F * (S φ ) is a foliation that is equal to ξ except in (f
In case the index i is 0 or n − 1 , one has just changed s round into a Reeb component.
In contrast, for an intermediate index, no leaf of F * (S φ ) is interior to S 1 ×D n−1 , and the turbulization is not relative to the boundary S 1 × S n−2 . Instead, on this boundary the modification is as follows. Write :
Thus the trace, on the boundary, of the singular level set (f
. It admits in S 1 × S n−2 a tubular neighborhood which was originally :
and which is changed into the stabilized suspension :
Note -In the litterature, a turbulization is usually described as changing df round i into the nonsingular integrable 1-form :
which is a particular case of the above construction : the case where the diffeomorphism φ is the time 1 of the flow of a vector field h(y)∂/∂y on the segment D 1 .
2.3. Reflection symmetry. In this paper, to make sure that the modifications performed on the Γ 1 -structure don't change its homotopy class, as well as to obtain a normal line field in the prescribed homotopy class, one uses the following elementary principle. Let Y be a manifold (in practice
One puts no constraint on the position of ξ 0 , ξ 1 , nor of ν 0 , ν 1 , with respect to the boundary.
Proof of the lemma -(1): Set
Recall that Γ 1 -structures can be pulled back through continuous maps. Since
• 2.4. Holes. By a hole one means a compact manifold H with boundary and corners, together with a Γ 1 -structure ξ on the boundary. By filling the hole one means extending ξ into a foliation in the interior. Most holes will be of the form B × Y , where B is a compact p-manifold with connected boundary and where Y = D 1 or S 1 . Moreover ξ will be tangential, without holonomy, to B × ∂Y and transverse to each fibre x × Y , x ∈ ∂B . In other words the transverse boundary (∂B) × Y is a foliated Y -bundle. Equivalently, the Γ 1 -structure ξ|((∂B) × Y ) is the suspension of a representation of π 1 ∂B into Diff c (Int Y ) . To specify this Γ 1 -structure, we agree to write the diffeomorphisms through which π 1 ∂B acts as subscripts to B , or to B's factors .
For example, to every φ ∈ Diff c (Int D 1 ) is associated the 3-dimensionnal canonical hole whose transverse boundary is endowed with the suspension of φ :
Recall that by Reeb's stability theorem it is not fillable unless φ = id .
In order to relax the constraint expressed by Reeb's stability theorem, W. Thurston eventually adds to each connected component B i × D 1 a "worm gallery", that is, enlarges the hole by attaching a handle of index 1 :
the attachment sphere ∂D 1 being as follows : −1 is attached to B i × (+1) and +1 is attached to B i × (−1) . Note that the foliation on the transverse boundary of the handle is the trivial foliation by projection to the last factor D 1 . Write H W the resulting hole H ∪ W . Let ξ be an arbitrary Γ 1 -structure of differentiability class C r , 0 ≤ r ≤ ∞ , on a closed, connected, smooth manifold M of dimension n , and let j be a vector bundle embedding of the microbundle νξ into τ M . One assumes that n ≥ 3 , leaving the case n ≤ 2 as an exercise.
One will make, through successive homotopies, ξ minimal (except in dimension 3) and nonsingular; and make the normal bundle of the resulting foliation homotopic to j(νξ) . The successive Γ 1 -structures will all be named ξ .
3.1. Minimizing. Proof -Fix a representant for the germ ξ , that is, a foliation X in a neighborhood of the null section Z(M ) in the microbundle, whose germ along Z(M ) is ξ . Without loss of generality, X is defined on the all of νξ .
If ξ is smooth, the lemma is trivial: for every section s , the Γ 1 -structure s * X is homotopic to ξ = Z * X . By Thom's transversality theorem, for a generic s , the singularities of s * X are of Morse type. In the general case 0 ≤ r ≤ ∞ , endow the rank-1 vector bundle νξ with a smooth riemannian metric. It is also convenient to endow M with an auxilliary smooth riemannian metric. For any smooth triangulation T of M , form its barycentric subdivision T ′ . Make a section s 0 of νξ over the 0-skeletton of T ′ by choosing over each vertex m of T ′ one of the two vectors of norm d where d is the dimension of the simplex of T centered at m . Then s 0 (m) ≤ n for every vertex m ∈ Sk 0 (T ′ ) , and :
for every edge (m 0 , m 1 ) of T ′ . Over each simplex, the riemannian microbundle admits exactly two isometric trivializations, and s 0 extends uniquely into a section s that is linear with respect to these trivializations.
On the other hand, recall that X is assumed to have a continuous tangent bundle τ X in the total space of νξ , transverse to the fibres. By compacity, the slopes of τ v X are uniformly bounded for v ∈ νξ , v ≤ n .
Thus if one has chosen the simplicies of T of small enough diameters, then over every simplex of T ′ of positive dimension, the section s is transverse to X . Consequently the singularities of the Γ 1 -structure s * X , which is homotopic to ξ , belong to Sk 0 (T ′ ) . Then, applying to X a small isotopy of class C r , make it smooth in a neighborhood N of the finitely many points s(Sk 0 (T ′ )) . Next one smoothens the section. Over some neighborhood of every n-simplex ∆ of T ′ , extend s|∆ into a smooth section s ∆ . Set:
where (φ ∆ ) is a smooth partition of unity subordinate to the open cover by the η-neighborhoods of the n-simplicies , for some small η > 0 . Clearly s ′ is smooth and C 0 -close to s . One easily verifies that for every η small enough, s ′ is also transverse to X outside N .
Finally one changes s
′ in N to get a new section s ′′ . By Thom's transversality theorem, any generic, C 0 -small, modification, is in Morse position with respect to X . The Γ 1 -structure s ′′ * ξ fulfills the demands of the lemma.
•
Once the singularities of ξ are of Morse type, M contains a finite family of disjoint segments (D 1 k ) embedded transversely to ξ , which is exhaustive, that is, meets every leaf. If some singularity of index 1 (with respect to some local transverse orientation) separates its "leaf", the two components are to be understood as distinct leaves. The endpoints of the segments may be singularities of extremal indices, i.e. of index 0 (with respect to some local transverse orientation). In fact, exhaustivity implies that every singularity of extremal index is an endpoint of some D 1 k . One will next modify ξ inside a small neighborhood of every D 1 k , to make it minimal (but, in dimension 3, some Reeb components). Here we follow closely Thurston, except of course for the preservation of the homotopy type of the Γ 1 -structure.
Fix k . From now on, it is understood that, in a neighborhood of D 1 k , the Γ 1 -structure ξ is transversely oriented according to D 1 k . First one arranges that both endpoints ±1 of D 1 k are singularities of extremal index. Indeed, if not, one just has to create, close to −1 (resp. +1) and below (resp. above) it, a pair of singularities of indices 0 , 1 (resp. n − 1 , n) in cancellation position, and then lengthen D 1 k until it reaches the singularities. Such a pair creation does not change the homotopy type of the Γ 1 -structure. For it is induced by a (local, C 0 -small) perturbation of the null section in the microbundle.
To make sure that transformations that one is going to perform on ξ will not change its homotopy class, one previously duplicates D 1 k as follows. Create close to the singular end s 0 := −1 (resp. s n := +1) a second singularity s ′ 0 (resp. s ′ n ) also of index 0 (resp. n) and one of index 1 (resp. n − 1), in cancellation position. Then it is easy to link s k . In order to make ξ minimal, we shall now modify it in a smaller neighborhood
It is understood that the same modifications are applied to ξ|σ(N k ) through σ. The homotopy class of ξ will remain unchanged (lemma 2.2).
Define a neighborhood N k of D 1 k as the union of two small compact saturated balls D n containing the singular endoints s 0 = −1 , s n = +1 with a thinner
is the trivial foliation by concentric hyperspheres (resp. by projection to the last factor
In N k , close to the lower endpoint s 0 , create a singularity s 1 of index 1 and one of index 2, in cancellation position. Then s 0 and s 1 are in Asimov position. Change them into a round singularity of index 0 (lemma 2.1) ; and then, by turbulization, into a Reeb component -see paragraph 2. In the same way, change s n into a Reeb component and a singularity of index n − 2 . These new compact leaves will be destroid, as well as all other eventual compact leaves, in the next step of the construction.
Lengthen 
and that ξ is the foliation by projection to the last factor R . Write :
and let D 2 × S n−3 be a small tubular neighborhood of the boundary of D n−2 in R n−1 . Let : 
The fact that φ is without fixed points in the exhaustive segment 2 −1 D 1 immediately implies that no leaf of the new Γ 1 -structure ξ|N lemma 3.2. Let t 0 , t 1 ∈ (0, 2/3) be such that t 1 /t 0 / ∈ Q . Then the pseudogroup P generated on D 1 by the local diffeomorphisms:
(i = 0, 1), is minimal and ergodic.
Proof -Obviously the subinterval (−1/3, +1/3) is exhaustive, i.e. meets every orbit of P . So it is enough to show that P |(−1/3, +1/3) contains every germ
• In case n ≥ 4 , no leaf of the filling of H is interior to H (proposition 5.2), thence the new Γ 1 -structure ξ|N k is also minimal and ergodic. Now return to the global Morse Γ 1 -structure ξ on M and recall that every leaf meets some N k . One concludes that every leaf is locally dense. Thus every leaf is dense (and ξ is ergodic.)
In the case n = 3 , there are Reeb components interior to the holes but all singularities belong to the complement, an open saturated component in which all leaves are dense.
3.2.
Cancelling negative cubic contact points. Now the Γ 1 -structure ξ is minimal (but some Reeb components, in case n = 3) and its singularities are of Morse type (and thus necessarily of nonextremal index). In this section one matches them by pairs of singularities of successive indices linked by transverse paths, preparing their cancellation. The problem is to choose the matching and the transverse paths such that the normal bundle of the resulting foliation will fall in the prescribed homotopy class, namely, that of the given embedding j of νξ into τ M . This problem actually has a natural solution.
Write M reg for M minus the singularities. A smooth "pseudogradient" line field is chosen on M reg , which is transverse to ξ , and generated by some pseudogradient vector field in a neighborhood of each singularity. (We avoid the term "normal bundle" to prevent confusions with the microbundle.) Then, at every regular point m , one has a unique embedding ∇ m of the microfibre ν m ξ into τ m M , whose image is the pseudogradient line, and such that, in the tangent space of the total space νξ at point Z(m) , itentified with ν m ξ ⊕ τ m M , the graph of ∇ m is tangential to the foliation germ X .
One considers the contact locus, i. e. the set C of points m such that ∇(ν m ξ) = j(ν m ξ) . By convention, singularities belong to C . Every regular contact point has a contact sign, namely the sign of the automorphism j −1 • ∇ of the microfibre. Write C + , C − the positive and the negative contact locus.
Of course, on M \ C − there is a canonical homotopy from j to ∇ . Indeed, let 1 be a local nonvanishing section of νξ . The nonnull vectors (1 − t)j(1) + t∇(1) generate a homotopy of the line fields that does not depend on the choice of 1 (barycentric homotopy.)
After, by a small perturbation, j has been put in general position with respect to ∇ , there are two kinds of regular contact points m . Fix a local orientation of the microbundle and let 1 be a local positive section. They are best expressed in terms of j(1) modulo ∇(νξ) , which may be viewed as a vector field j tg on M tangential to ξ . The contact points being those where this tangential field vanishes, this is a matter for singularities of one-parameter families of vector field.
Either (ordinary contact point of contact index i) in the leaf L m at point m the vector field j tg has a Morse singularity of some index 0 ≤ i ≤ n − 1 ; Or (birth (resp. death) cubic point ) in local coordinates (x 1 , . . . , x n−1 , y) such that m = 0 and that ∇(1) = ∂/∂y , locally j tg |L (0,y) is nonsingular for y < 0 (resp. y > 0) and has a pair of singularities of indices i , i + 1 for y > 0 (resp. y < 0), in cancellation position.
In particular C is a smooth closed submanifold of dimension one that passes through every singularity. When, following C , one crosses a cubic point, the contact index (with respect to some local orientation of νξ) changes from i to i ± 1 , while the contact sign remains unchanged. When one crosses a singularity s of index i , the contact sign changes, while the contact index remains unchanged, being i (resp. i − 1) in case C is contained locally in the stable (resp. unstable) cone, i.e. is locally over (resp. below) s . Proof -This is easily verified on a local model where one is reduced to the 2-dimensionnal case. More precisely, in convenient local coordinates (x 1 , . . . , x n−1 , y) , the original Γ 1 -structure is defined by the nonsingular function
where Q is a nondegenerate quadratic form of index i ; and ∇(1) is the usual gradient of the function f .
Change f into :
where b is a convenient nonnegative even bump function, and change ∇ into the usual gradient of f new . A pair of singularities s i , s i+1 of indices i , i + 1 in cancellation position appears on the y-axis. After an isotopy with support in U has been applied to j (or to ξ and to ∇), isotopy which does not change C − , one can assume that j(1) = ∂/∂y (resp. j(1) = ∂/∂x 1 ) and one easily verifies (1) (resp. (2)) -details are left to the reader.
• Another small problem easy to solve is that when eliminating negative birth cubic points of contact index 0 , one has created singularities of index 0 in ξ . Each of them is an extremity of a component of C − , the other extremity being a singularity of index 1. These singularities are thus in cancellation position in Smale's sense. Cancel them; this is a homotopy of ξ , reciproque to the process of lemma 3.3, (1) for i = 0 . The component of C − disappears. The Γ 1 -structure ξ is minimal again (but, in dimension 3, some Reeb components.) 3.3. Regularizing. k , and whose extremities are also on the (or "a" if i = 1 or i = n − 2) local singular leaves through s i , s i+1 . Then it is convenient to change j , applying a barycentric homotopy with support disjoint from C − , so that j is identic to ∇ except on a small neighborhood of C − that does not meet the (D 1 × D 1 whose four corners are the singularities, and which is a fence, that is, the foliations x = cte and y = cte in the square are tangential to ∇ and to ξ , respectively. One uses once more the existence of transversals, due to the minimality of ξ (or, if n = 3 , of ξ outside the Reeb components) to find a transverse path p k from the middle of the upper edge of the fence, (0, 1) , to the middle of the opposide edge, (0, −1) . After a conjoint local homotopy of ∇ and j , they are tangential to p k . In particular, ξ is invariant by the involution (x, y) We shall cancel the singularities s i , s i+1 by changing ξ inside an arbitrarily small neighborhood of S 1 k . It is understood that the same change will be applied tos i , s i+1 through σ . By lemma 2.2, the homotopy type of ξ will remain unchanged, and thus the resulting foliation will be, as a Γ 1 -structure, homotopic to ξ . Also, one easily arranges that j is σ-invariant. Since the normal bundle to the resulting foliation inside N k will be also σ-invariant, and since j = ∇ outside the N k 's, by lemma 2.2 the normal bundle to the resulting foliation will be homotopic to j , establishing theorem 1.1.
So we are given a neighborhood of a circle S 1 k embedded in M transversely to ξ , and passing through two singularities of successive indices s i , s i+1 . We are left to regularize ξ in this neighborhood, relatively to the boundary.
3.3.2.
Rounding the singularities. First one will change s i and s i+1 into a couple of round singularities. Here dimension 3 is special.
In the general case n ≥ 4 , reversing the local orientation if necessary, one may assume that i ≤ n − 3 . On the oriented circle S 1 k , consider the segment [s i , s i+1 ] of origin s i and extremity s i+1 . By a modification of ξ in a neighborhood of this segment, one creates beside S 1 k a second pair of singularitiesŝ i+1 ,ŝ i+2 , of respective indices i + 1 , i + 2 , in cancellation position, and such thatŝ i+1 is close to s i and slightly above s i , whileŝ i+2 is close to s i+1 and slightly above s i+1 .
For some local pseudogradient vector field, the stable disk of s i and the unstable disk ofŝ i+1 exist with boundary on some common intermediate level set, and don't meet each other. After a local modification of the pseudogradient field, they do meet transversely in two points of opposite signs, and by lemma 2.1 a local modification of ξ changesŝ i+1 and s i into a round singularity of index i .
In the same way,ŝ i+2 and s i+1 are changed into a round singularity of index i + 1 .
In case n = 3 , and thus i = 1 : on the oriented circle S 1 k , consider the segment [s 2 , s 1 ] of origin s 2 and extremity s 1 . By a modification of ξ in a neighborhood of this segment, one creates beside S 1 k a second pair of singularitiesŝ 1 ,ŝ 2 , of respective indices 1 , 2 , in cancellation position, and such thatŝ 1 is close to s 2 and slightly below s 2 , whileŝ 2 is close to s 1 and slightly above s 1 . Thus, for some local pseudogradient vector field, the stable disk ofŝ 1 and the unstable disk of s 2 exist with boundary on some common intermediate level set, and don't meet each other. After a local modification of the pseudogradient field, they do meet transversely in two points of opposite signs, and by lemma 2.1 a local modification of ξ changesŝ 1 and s 2 into a round singularity of index 1.
In the same way,ŝ 2 and s 1 are also changed into a round singularity of index 1 .
3.3.3.
Making a hole, turbulizing the round singularity, and filling the hole. In all dimensions, one changes every round singularity s round into a hole with worm galleries as follows.
Let i be the index of s round , and S 1 × D n−1 be a small tubular neighborhood, as in section 2.2. The intersection of the local singular leaf with the boundary
It admits in M a small tubular neighborhood of the form :
the restriction of ξ to which is the foliation by projection to the last factor D 1 . One takes off H , leaving a hole, and turbulizes around s round , using a diffeomorphism φ ∈ Diff c (Int D 1 ) admissible in dimension n (definition 5.1) and that does not fix the singular value. Then the singularity has disappeared, and we are left with the hole H , the transverse boundary of which is foliated as follows. On the internal boundary
the factor S 1 acts through φ and the spheres S i−1 , S n−i−2 don't act. The external boundary
is foliated trivially, i.e. by projection to the last factor D 1 . Following S 1 k , one makes a transverse path in a small neighborhood of S 1 k from the top y = 1 of H to its bottom y = −1 . One enlarges the hole H by a worm gallery W that follows this path. In case i = 1 or i = n − 2 , H is not connected. Then one adds a worm gallery to each connected component of H .
We claim that H W is fillable. To this end, consider the (abstract) hole :
The transverse boundary of H ′ and the external transverse boundary of H are isomorphic. One forms their union along those boundaries and gets : 
is trivial. In consequence, H ′′ W minus a small tubular neighborhood of Z n−2 is just a filling of H W .
Once this has been done to every round singularity, ξ is nonsingular; and, if n ≥ 4 , minimal and ergodic.
Proof of theorem 1.3
Actually the proof given in the preceding section is already compatible with parameters. Given a compact set X of Γ 1 -structures and an embedding j of their common microbundle ν into τ M , their slopes in ν are uniformly bounded. In lemma 3.1, one takes the triangulation T so fine that over every simplex of positive dimension, the PL section s is transverse to every X ∈ X . One makes all X ∈ X equal in restriction to a neighborhood N of the image of the vertices, in the same time as one makes them smooth in N . For η small enough, the given smoothing of s keeps the section transverse to every X ∈ X except in N . Also, outside N , the X 's being all transverse to the 1-skeletton, one can, by applying a continuous family of local isotopies, make them equal in restriction to some neighborhood V (Sk 1 (T ′ )) of the 1-skeletton containing all the singularities.
Moreover, if T is fine enough, over every simplex of T ′ of positive dimension, all ξ ∈ X 's are arbitrarily uniformly close to the foliation by some same linear functionnal which takes different integral values on the verticies. In particular they have a common pseudogradient ∇ , and obviously any segment in M transverse to some ξ ∈ X and with endpoints in V (Sk 1 (T ′ )) is homotopic relatively its endpoints to one with the same properties, but contained in V (Sk 1 (T ′ )) . Next, since the complement of V (Sk 1 (T ′ )) retracts by deformation on the (n−2)-skeletton of the dual subdivision, one can homotope j to ∇ there. After what, the negative contact locus is contained in V (Sk 1 (T ′ )) . As a conclusion, all the proof of the preceding section actually can take place in an open set in restriction to which all the ξ ∈ X are equal. Theorem 1.3 is proved.
Appendix: Filling the holes, after W. Thurston
This appendix recalls Thurston's methods to fill the holes : [10] , [11] . First one specifies the kind of diffeomorphisms of the interval that one will allow as holonomy on the boundary of holes, to be able to fill them. For φ ∈ Diff c (Int D 1 ) , letφ ∈ Diff(S 1 ) be the diffeomorphism of the circle that coincides with φ on D 1 ⊂ S 1 and with the identity on the complement The first definition is somewhat empty in most differentiability classes, since it is known that Diff(S 1 ) is simple hermanherman2mather0. But precisely it will allow us not to use this nontrivial result. The last definition, being made ad hoc for the needs of the proof, is of course rather arbitrary. 
it is fillable without interior leaf.
See section 2.4 for conventions.
5.1. Proof of proposition 5.2 for n = 3 . In this case the proof is completely different from the higher dimensions, and much easier. First, for every rotation ρ , the hole D 2 ρ × S 1 is easily filled explicitely: the suspension of ρ is the linear foliation on S 1 × S 1 by a constant form dy − λdθ , for some constant λ ∈ R . One extends this form to D 1 × S 1 × S 1 as the integrable nonsingular 1-form :
(1 − u(r))dr + u(r)(dy − λdθ)
where u is a function on D 1 which is 0 on a neighborhood of −1 and 1 on a neighborhood of +1 . By addition of a Reeb component, one gets a foliation H ρ that fills up D 
• Now one prepares the proof of 5.2 in higher dimensions. Certainly, the simplest way to fill a hole of the kind described in 2.4 is by the means of a foliated D 1 -bundle, in the happy case where the representation of π 1 ∂B extends to π 1 B . The proof of 5.2 will consist in dividing and subdividing the hole into subholes that either fall into this happy case, or can be applied the following lemma. Recall that the above notation means that ∂D 2 acts on D 1 through [α, β] ; and the kth circle factor of T n−3 , through ψ k .
Proof of the lemma -This is the point, in the filling process, where we do not follow strictly Thurston.
First one fills up D ] whose boundaries are disjoint from the support of the diffeomorphisms, and such that each interval is disjoint either from Supp ψ 1 ∪· · ·∪Supp ψ n−3 (first kind), or from Supp α∪Supp β (second kind). Likewise, H is partitionned into subholes that will be filled separately :
If [y i , y i+1 ] is of the the first kind, the suspension of α and β fills up the 3-dimensionnal hole L 2 [α,β] × D 1 . Then one just stabilizes the leaves by T n−3 to fill H i .
For the second kind H i 's, we shall perform a global turbulization in which the singular set will vanish.
Endow T n−3 × D 1 with the foliation S suspension of ψ 1 , . . . , ψ n−3 (foliated D 1 -bundle), and define the map F : H → T n−3 × D 1 by :
The singular value f (s j ) being not a common fixed point of the ψ k 's, the hypersurface T n−3 × f (s j ) is transverse to S (j = 1, 2), thus the map F is also transverse to S , and F * S is a foliation, whose restriction to every second kind H i fills it. In all cases, it is obvious that every leaf meets the boundary.
5.2.
Proof of proposition 5.2 for n ≥ 4 in the toric case. W. Thurston solves first the toric case Σ = T n−3 , and then the spheric ones, which are actually the ones of interest, follow easily.
For Σ = T n−3 the canvas is as follows. The hole H 0 = D 2 × T n−3 × D 1 will be "rolled up", that is, its filling will be reduced to smaller and smaller subholes H k . These H k 's will also be (D 2 × T n−3 × D 1 )'s, with more and more holonomy on the boundary, but that point will make no problem. Lemma 5.3 will fill up the successive complements H k \ H k+1 . Finally H n−3 will have become small enough to pass through the worm's gallery. In other words it will be extended into a round hole D 2 × T n−3 × S 1 , the filling of which will also fall to lemma 5.3. 
After composition with a Dehn twist if necessary, j(p) bounds the disk :
Given two commuting diffeomorphisms φ, ψ ∈ Diff c (Int D 1 ) , one endows π 1 Q 3 with the representation :
where A * , D * are Poincaré-dual to A and D respectively. Observe that the restriction of ρ φ,ψ to the three boundary components of Q 3 is as follows. The parallel p acts by id and the meridian ∂D 2 by φ . The parallel i(p) acts by ψ and the meridian i(∂D 2 ) by φ . The parallel j(p) acts by φ and the meridian j(∂D 2 ) by ψ . Since φ is admissible, one may choose φ 0 conjugate to φ , and one does. So (H 0 ) W is the hole that we have to fill up.
Unfortunately lemma 5.3 does not apply to H k , since precisely the holonomy φ k of the compressible factor ∂D 2 is the one that is not bracketted by the other ones. with trivial normal bundle and such that the projection to Σ n−3 is of degree one. After excision of a tubular neighborhood of this torus, one gets :
Endow the fundamental group π 1 B with the representation ρ(γ) := φ λ(γ) where λ is the linking number with the (n − 3)-torus. This linking number is well defined, since D 2 × Σ n−3 is simply connected, and since the Poincaré-dual of the torus is null on every absolute 2-cycle.
The linking number restricts to the two connected components of the boundary of B as follows. The restriction to ∂D 2 × T n−3 is by nature Poincaré-dual to the parallel 1 × T n−3 . Likewise, the restriction of λ to ∂D 2 × Σ n−3 is Poincaré-dual to the parallel 1 × Σ n−3 , because the projection of the (n − 3)-torus to Σ n−3 is of degree one.
In conclusion, H \ Int H toric is nothing but B ρ × D 1 , and thus is filled by the suspension of the representation ρ . This ends Thurston's proof of proposition 5.2.
